Abstract. A biholomorphically invariant real function hx is defined for a hyperbolic manifold X. Properties of such functions are studied. These properties are applied to prove the following theorem. If a hyperbolic manifold X can be exhausted by biholomorphic images of a strictly pseudoconvex domain D C C" with dD G C3, then X is biholomorphically equivalent either to D or to the unit ball in C". The properties of hD are also applied to some questions concerning the group of analytical automorphisms of a strictly pseudoconvex domain and to similar questions concerning polyhedra.
Let hD(z) = hD(z, B") where D is a bounded strictly pseudoconvex domain with 3D E C3. The main property of this function is (0. 2) hD(z) -. 0.
This property shows for instance that the only bounded strictly pseudoconvex domain where hD is a constant is the unit ball.
We will apply the properties of these functions to several questions. The first one is the following. Let G be a bounded domain in C", X a manifold. We will say that X can be exhausted by biholomorphic images of G (or shorter "by G") if for any compact K E X there is a biholomorphic imbedding FK: G -> X such that FK(G) D K.
Suppose that A' is a hyperbolic manifold and X can be exhausted by G. The question is to describe X.
Questions similar to this one were studied in [1] [2] [3] [4] . In [2] it was shown, in particular, that if a hyperbolic manifold X admits an exhaustion by an increasing sequence of biholomorphic images of the ball B" (or U"), then X is biholomorphically equivalent to 5" (or U"). In this theorem B" may be replaced by any bounded homogeneous domain (see Theorem 1.2 below). In [1] sharp estimates were obtained for the best imbedding of a polydisc in a ball and a ball in a polydisc. In terms of our functions these results are hB.(x, U") = hv"(x, B") = (ln[(^TT)/ (/h^T)])"1.
In the direction of this question we obtain the following theorem.
Theorem I. Let D EC" be a bounded strictly pseudoconvex domain with boundary of class C3, and X is a completely hyperbolic manifold of complex dimension n. Suppose it is possible to exhaust X by biholomorphic images of D. Then either X is biholomorphically equivalent to D or X is biholomorphically equivalent to B".
As a corollary we obtain Theorem II. Two bounded strictly pseudoconvex domains with boundaries of class C3 are biholomorphically equivalent if and only if each of them can be exhausted by the other.
To put it another way, if two such domains are "approximately" equivalent they are biholomorphically equivalent.
Theorems I and II were announced in [4] . Evidently any orbit of the group Aut(7)) of analytical automorphisms of a domain D lies on a level line of hD. So hD may give us some information about Aut(D). We obtain a simple proof of the following theorem: if D is a bounded strictly pseudoconvex domain such that Aut(D) is noncompact, then D is biholomorphically equivalent to a ball. This theorem is very well known for 37) E C°° (see [11] ). We prove it for 37) E C3. One more generalization of this theorem can be found in §4.
We prove there one theorem concerning Aut(G) where G is a polyhedron.
In §1 we prove Theorem 1.2 about exhausting a hyperbolic manifold by a homogeneous domain. §2 is devoted to showing the relation between functions hx and hx when X is exhausted by {X"}. In §3 we prove property (0.2). In §4 we present the proofs of Theorems I, II, theorems concerning Aut(7)) and some remarks.
I wish to express my deep gratitude to Robert Bix who gave me much help in preparing this paper for publication.
1. Exhausting by biholomorphic images of a homogeneous domain. We begin with a general lemma. Lemma 1.1. Let D EC" be a bounded domain, X a hyperbolic manifold of complex dimension n. Suppose that there exist two relatively compact sets Kx E D and K2E X and a sequence {Fk} of mappings Fk: D -» X that satisfy the following conditions:
(1) Fk: D -* Fk(D) is biholomorphic for any k < oo.
(2) For any 1 < k < oo there exists a point zk E Kx such that Fk(zk) E K2. (2) Evidently $(X) E D. We want to show that $(X) C D. Since {xk} C K2 and {zk} E Kx, we may assume (by passing to a subsequence if necessary) that {xk} converges to xQ E K2 and {zk} to z0 E Kx. One can easily see that O(x0) = z0. Let e > 0 be so small that the ball (in Kobayashi metric) Bx(x0, e) (2 X, and BD(z0, e) S D. Let z E BD(z0, e/2). For a large number k, Fk(BD(z0, e/2)) E Bx(x0, e) (we use here the important property of Kobayashi's metric: p(Fk(x'), Fk(x")) < p(x', x")). So, for this number k, Fk(z) = x'k E Bx(x0, e). If x' is the limit point of {x'k} one can see that O(x') = z. This means that <&(X) D BD(z0, e/2). O is a limit of regular holomorphic mappings. Since X is connected $ may be either regular at any point at X or the Jacobian of $ (in local coordinates) vanishes on X.
In the latter case 0( X) could not contain any open set (by Sard's theorem). Since ®(X) D BD(z0, e/2), 3> is regular on X. This implies that <&(X) is open, so 4>(A-) ED.
(3) We will show now that $ is one-to-one. Let x', x" E X. For a large number k and the Kobayashi metric p we have
< p(9k(x'), *(*')) + p(*(V), *(*")) + p(*(x"), •*(*"))■ When A: -* oo we obtain p(x',x")<p($(x'),$(x")). Hencefc(A')DZ).
It follows from (l)-(4) that 3>: X -» 7) is a biholomorphism, completing the proof of the lemma. Theorem 1.2. 7>r % C C" 7>e a bounded homogeneous domain, and let X be a hyperbolic manifold of complex dimension n. If X can be exhausted by biholomorphic images of%, then X is biholomorphically equivalent to %.
Proof. Let <bk: % -* X be a sequence of biholomorphic mappings such that for any compact K E X there exists a number s such that ^(30)3 K. Let x0 E X and z0 E 3C. Without loss of generality, we may suppose that x0 E <bk(%) for any k, 1 < A: < oo. Since our domain is homogeneous, we can find \pk E Aut(OC) such that "W^t'i^o)) ~ zo-Now the sequence Fk -$k ° t^1 satisfies all the conditions of Lemma 1.1 for Kx = {z0} and K2 = {x0}. Applying this lemma we find that X is biholomorphically equivalent to %. Theorem 1.3. Let X be a connected hyperbolic manifold, dimc X= n, and let % E C" be a bounded homogeneous domain. Then This inequality shows that 77^ is continuous in the topology induced by the Kobayashi metric. Since this topology is the usual one, we have finished the proof of Theorem 1.3.
2. Exhaustion and the behaviour of hx. The main theorem we will prove in this section is the following one. (hx below means hx(x, B").) Theorem 2.1. Let X be a completely hyperbolic manifold and let {Xn}, 1 ^ n < oo, be a sequence of subdomains that exhausts X. Then, for any x0 E X, lim h^(x0) = hx(x0).
n-»oo Remark. By Definition 0.2 there exists an N such that x0 E Xn for any n^ N. The limit in the statement above is taken to mean h -> oo f or h > TV.
Before proving Theorem 2.1, we recall the definition of Kobayashi's metric [9] . Let M be a complex manifold, p,q E M. Chain a is a set of (1) The next property of this metric is particularly important. Let M, and M2 be hyperbolic manifolds. If F: Mx -* M2 is holomorphic, then Pm2(f(xi), F(x2)) < pM>(xx,x2).
As a corollary we obtain (2.2) If M, C M2, then pMi(xx, x2) < pM](xx, x2) for xx, x2 E Mx. If BM(x0, R) = {x | pM(x0, x) < R} is a ball in the Kobayashi metric on M, then (2. 2) is equivalent to the following statement: for any x0 E Mx and R > 0,
Lemma 2.3. Let X be any complete hyperbolic manifold and let {A"n}"=1 be a sequence of submanifolds that exhausts X. Let x0 E X and R > 0. Then for any e > 0 there exists an TV such that Bx(x0, R) D Bx(x0, R -e) for all n > N. Thus for any point x E X satisfying px(x0, x) < R -e, we have found an / = l(x) such that x E Bai(x0, R). Since Bx(x0, R -e) is compact (because X is complete), we can find a finite number of points {xi}si=x such that
where /(/) = l(x¡). Since the sequence {Un}™= x is increasing (2.3) implies that 
«-»00
The theorem is proved. Remark 1. From the proof of this theorem one can see that limn^xhx -hx uniformly on compacta.
2. The proof can be repeated for h x(x, %), where % is any bounded homogeneous domain for which (1 -S)% OE % for any 5 > 0. For instance, if %= U", the theorem is true. 3 . Behaviour of hu near the boundary of a strictly pseudoconvex domain. In this section hD(z) means hD(z, B"). The main purpose of this section is to prove the following. I. We will now use Royden's definition of the Kobayashi metric (for details, see [10] ). Let p be a point on a complex manifold X and let v be a vector on the tangent space Tp(X) of X. Consider all holomorphic mappings/: BR -> X(BR is a disk in C1 The following estimate is a lemma of H. L. Royden (Lemma 2 in [10] , a proof is given in [6] ). We will need it in the following form. 5D(X,(C/2)r)c5,(X,r).
(2) Let {Xk} ED be any sequence such that lim^^A^ = z0. Without loss of generality we may assume that {Aj.}^, C Us. The condition limk^xhd(Xk) = 0 shows that there exists a sequence {Rk}, where 5¿-»ooasA:->oo, such that each ball Bd(Xk, Rk) can be covered by the image of an appropriate biholomorphic imbedding Fk: B" -* d. From the behaviour of the Kobayashi metric near the point z0 (for details see [6] ) one can deduce that there exists a sequence {rk} such that rk < Rk, rk -» oo, and Bd(Xk, rk) E Us. Now, for each k -1,2,... ,(3.8) implies that BD(Xk,(C/2)rk) E Bd(Xk, rk) E Bd(Xk, Rk), and therefore hD(Xk)<(2/C)(l/rk).
Since rk -» oo, we have proved that hmk^xhD(Xk) = 0. Since the last statement holds for any {Xk} such that lim^,*, Xk -z0, we have proved Lemma 3.4. II. 7) now means a fixed strictly pseudoconvex domain, 7) = {z | \p(z) < 0}, where t//(z) is a strictly plurisubharmonic function of class C3 in a neighbourhood of D with d\¡/ ¥= 0 on 37). Let z° E 37), and let C/be a neighbourhood of z°. (2) Now we can find a linear transformation (we again use the letters z" for new coordinates) z, = wx and z' = l(w') such that in these coordinates our function <f>(z) = tyx(zx, l~x(z')) has the following representation:
where L is a linear function, z' = (z2,... ,zn), and (3.12)
We define a domain Ds as the set of solutions of the following system:
Since <j> is strictly pseudoconvex,
Taking (3.12) into account one can see that, for small enough 8 > 0, (3.14) |z|2^ C2(-2Rez,) foranyzE7)ä where C2 -const > 0. We assume that such a 8 > 0 is chosen and fixed. Using (3.15), (3.12) and (3.14), we obtain
The last inequality can easily be obtained by finding that the last but one expression has its maximum (for -2 Re z, > 0) when -2 Re z, = 3e.
(6) <ï>e (7)s) now has the following description (from (3.17)): where | A(w) \ < C5 = const. From (3.18) it follows that (3.23) $E(7)S)^5" as£^0.
The first limit in (3.23) is understood as a limit of sets. (7) Let us return now to the initial domain D. Let Xk -» z° E 37). For each Xk we choose z* E 37) to be one of the points on 37) closest to Xk. Without loss of generality we may assume that for each Xk such a point zk is unique. We can now 7-\-change the coordinate system so that the line joining zk and Xk is the Re z,-axis and zk is the origin. Then we can obtain the representation (3.11) . Let the image of Xk after all these transformations be -2ekex where ek > 0. Now we can consider the transformation $2£j (see (3.15) ). One can see that all the constants 8, Cx-C5 are uniformly bounded for all k > TV for some TV. Without loss of generality we may assume that it holds for all k. Now from (3.23), Case 2. A has at least one limit point z° E 37). Without loss of generality (by passing to a subsequence if necessary) we may suppose that Mm"^ooF"~x(x0) -z°. From Theorem 3.1 it follows that hm"^ooHD(Fn"1(x0)) = 0. Now Theorem 2.1 and the fact that h is invariant imply that hx(x0) = hm hFAD)(x0) = hm hD(F"-x(x0)) = 0.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Theorem 1.3 (for X = B") now shows that Xis biholomorphically equivalent to 5".
2. Proof of Theorem II. Let Dx and 7)2 be the two pseudoconvex domains. Since D2 can be exhausted by biholomorphic images of Dx it follows from Theorem I that either D2 is biholomorphically equivalent to 7),, or 7)2 is biholomorphically equivalent to B". In the latter case, since 7), can be exhausted by D2, it follows from Theorem I that Dx is biholomorphically equivalent to 5" and, therefore, to 7)2. Theorem II is proved.
Let D E C" be a bounded domain. Let z° E 37) have a neighbourhood U such that 37) n £/ is strictly pseudoconvex and of class C3. It follows as in the proof of Theorem 3.1 that We now denote by Aut (7)) the group of analytical automorphisms of 7). If z' E D, T(z') = {z\z = F(z'), F E Aut (7))} is the orbit of z'. If we assume that the closure T(z') contains z°, then there exists a sequence {Fk} C Aut (7)) such that \imk^xFk(z') = z°. Now using (4.1) we obtain hD(z') = hm hD{Fk(z')) = 0.
k-* oo
Hence it follows from Theorem 1.3 that 7) is biholomorphically equivalent to 5". We have proved the following statement.
Lemma 4.1. Let D EC" be a bounded domain. Let z° E 37) have a neighbourhood U such that 37) fl U is strictly pseudoconvex and belongs to the class C3. If there exists a point z' ED such that the closure of its orbit T(zx) contains z°, then D is biholomorphically equivalent to B".
As a corollary of Lemma 4.1 we obtain a new proof of the following well-known theorem (for 37) E C00, see [11] ): Theorem 4.2. Let D be a bounded strictly pseudoconvex domain with 37) E C3. If Aut (7)) is noncompact, then D is biholomorphically equivalent to B".
More information about Aut(7)) can be found in [7] . If G is a bounded domain, z° E 3G, and z° has a neighbourhood on 3G which is similar to a part of the boundary of the unit polydisk U", we can prove an analogue of Theorem 3.1. More precisely, let there be an analytic function f(z) in a neighbourhood U of z° such that (4.2) dGnU= {z||/(z)|=l}.
Using the functions hc(x, U") in place of the hG(x, B") we find that limz^zo hG(z, U") = 0. Analogously to Lemma 4.1 one can obtain Lemma 4.3. Let D EC" be a bounded domain. Let z° £ 3G have a neighbourhood U with property (4.2) (for some analytic function /). If for some point z' EG the closure of the orbit (with respect to Aut G) of z' contains z°, then G is biholomorphically equivalent to U".
